We study the structure of finite groups G which act as elation groups on finite generalized quadrangles and contain a full group of symmetries about some line through the base point. Such groups are related to the translation groups of translation transversal designs with parameters depending on those of the quadrangles.
Elation generalized quadrangles and A-gonal families
The general background of this paper is the study of finite geometries admitting a particular group of automorphisms such that the geometry under consideration can be coordinatized by that group, and, where the properties of the geometry are reflected in the subgroup structure of the automorphism group. Indeed, in the cases considered here, the existence of such a geometry together with its automorphism group can equivalently be formulated as a combinatorial problem concerning the subgroup structure of the coordinatizing group. Therefore, nonexistence results and examples of these geometric structures can be obtained by considering a pure group theoretic problem.
In the present paper, we study the structure of finite groups admitting certain families of subgroups having 'extreme intersection properties' (see the conditions (Kl) and (K2) below). The motivation therefore is due to the fact that these groups arise as automorphism groups of finite elation generalized quadrangles.
Since their introduction as generalized polygons by J. Tits in [20] , finite generalized quadrangles have been studied intensively in the past three decades. The standard reference, which we refer to for details, is the monograph of S. E. Payne and J. A. Thas [16] . Here we give only the definition of the particular geometry we are interested in, together with its automorphism group.
Let s, t ^ 1 be integers. A finite generalized quadrangle J2 of type (s, t) is a triple (£P, Jz?, J), where 0> and Jz? are nonempty and disjoint sets whose elements are called points and lines, respectively, and where J is a subset of the cartesian product & x <£, the incidence relation, satisfying the following conditions.
(GQ1) For any Pin 0>, the set 5£ P \ = {lzS£:{P,l)eJ} has cardinality / + 1 . (GQ2) For any / in S£, the set 0> l : = {Pe0 i :{P,l)eJ} has cardinality s+l.
(GQ3) For any two different points P and Q in 0>, the cardinality of £f P f\ ^C Q is at most one. (GQ4) For any two different lines / and m in JSf, the cardinality of 0[ n & m is at most one. (GQ5) For any pair (P, I) in 0> x j£? which is not contained in ./, there exists exactly one pair (Q, m) in J such that (P, m) and (Q, /) are members of J^.
A collineation of ^ is a pair (a,/?), where a and /? are permutations of the sets d? and Jzf, respectively, such that the incidence relation is respected, that is, (P,l)eJ if and only if (<*(/*),/?(/)) e . / . It is customary to denote a collineation by a single letter.
If 6 is a collineation of i2 which fixes a point P and any line incident with P, then 0 is called a w/ior/ a^ow/ P. A whorl 9 about P is called an elation about P if 9 is the identity on . 2 , which by (GQ5) are bijections. Now, for any / in if p , let A l be the stabilizer of the line 0(/) in G, and let Af be the stabilizer of the point (p{l) in G. Then ,4, and ,4f are subgroups of G of order s and st, respectively, and furthermore, A t is a subgroup of A*. Moreover, #": = {A^.lG^p} and ^*: = {Af:le£p} are families of / + 1 subgroups of G, satisfying the following conditions:
(Kl) AB n C = {1} for pairwise distinct /4, 5, C in J^; (K2) ,4* n 5 = {1} for distinct A, B in P.
The pair (J 5 ", J
"*) is called a 4-gonal family of type (s, t) in G.
It was first shown by Kantor (see [11, Theorem 2] ) that, conversely, a group of order s 2 t admitting a 4-gonal family can be represented as a regular elation group of a suitable generalized quadrangle. A 4-gonal family is therefore also called a Kantor family (see [5, 6] ). In [11] , it is also shown that many, though not all, of the previously known finite generalized quadrangles are elation generalized quadrangles and therefore constructable via a 4-gonal family in the corresponding elation group. Moreover, in [11] , a (at that time) new class of elation generalized quadrangles was constructed. For the discussion of further examples, we refer the reader to the recent survey article [15] of S. E. Payne and to [16, Chapter 10] .
Consequently, the existence of finite elation generalized quadrangles is completely settled, if the groups of order s 2 t admitting a 4-gonal family together with such a family are known. For this reason, D. Frohardt and X. Chen in [5, 6] study the restriction that the existence of a 4-gonal family in a group G imposes on the structure of G. We state two of their main results which are of interest for our considerations (as already mentioned above, we assume that s, t > 1, throughout In the present paper, we are going to study the structure of groups G admitting a 4-gonal family {3^,3^*) with the additional property that there exists one member of 3F which is a normal subgroup of G. The normality of some member in 3F has the following geometric meaning (see [16, 8. In the next section, we shall see that an elation generalized quadrangle admitting a full group of symmetries about a line through the base point is closely related to some other kind of coset geometries, likewise group constructable, and which also have been intensively studied in the past few years, namely translation transversal designs. Using results on the structure of the translation group of such a design, we draw conclusions on the structure of an elation group with symmetries of a generalized quadrangle. A detailed outline of our results is given subsequently to Theorem 2.1. The following theorem is a short summary. THEOREM 
Let G be a finite group of order s 2 t admitting a 4-gonal family (3?,3?*) of type (s, t). If there exists a member A in 3? which is a normal subgroup of G, then s and t are powers of the same prime number p, and necessarily one of the following two cases occurs:
(
is odd, G/A is nonabelian and has exponent p.

On the structure of regular elation groups with symmetries
Throughout this section, let (J 5 ", #" *) be a 4-gonal family of type (s, t) in a group G, which will be written multiplicatively. We assume that there exists a member A in 3? which is a normal subgroup of G and study the restriction these assumptions impose on the structure of G. Finite groups admitting a partition were first studied by R. Baer in [1] . In further papers, R. Baer [2, 3] , O. H. Kegel [12] and M. Suzuki [19] were able to classify all families of finite groups admitting a partition.
Groups admitting a (t, s)-partition were intensively studied in the past, because, as with 4-gonal families, they arise as automorphism groups of certain coset geometries.
If H is a group admitting a (/, s)-partition n with particular component N, then the incidence structure (H, {Un: Ue n -{N}, n e TV}, e)
is a translation transversal design with translation group H. Using the Classification Theorem of Baer, Kegel and Suzuki, R. H. Schulz [17] and M. Biliotti and G. Micelli [4] classified all families of groups which arise as translation groups on translation transversal designs. For details and further references, the reader is referred to Hachenberger [7] . There, the author gives an elementary proof of the classification of the families of groups admitting a (/, s)-partition without using the theorem of Baer, Kegel and Suzuki, and studies the structure of/^-groups admitting such a partition.
In the present paper, applying results of [7] , we draw conclusions on the structure of elation groups G with symmetries of generalized quadrangles. Together with Frohardt's Theorem 1.1, we can give a first approximation of the structure of G. The last statement is formulated as Result (3.1) in [7] .
From now on, let p denote the unique prime divisor of the cardinality of G. As a consequence of Theorem 2.1 there remain three possibilities for the factor group G/A. We next summarize our main results which hold under the general assumptions of this section.
In Case 1, we prove that G is elementary abelian provided that G/A is elementary abelian (see Theorem 2.3 below). As a corollary we obtain the inequality t ^ sp provided that G is not abelian.
In Case 2, we are confronted with the famous Hughes Problem concerning the index of the H p -subgroup in G. The H p -subgroup of a group is named after D. R. Hughes, who conjectured that the H p -subgroup of a finite group K is either trivial, equal to K, or has index p in K (see [9] ).
Although this conjecture holds for many families of finite groups, it is not true in general. For more information on the Hughes Problem, the reader is referred to E. I. Khukhro [13] , a recent monograph on nilpotent groups and their automorphisms. However, in Case 2, applying (2.1.4), we know that the index of the Hughes subgroup of G/A is at least equal to s, since A*/A has index s in G/A. Applying recent results on the index of the H p -subgroup of a /?-group in combination with Higman's Inequality (see the remark before Theorem 2.5), we are able to exclude Case 2 (see Theorem 2.7 below).
In Theorem 2.5, we show that G is elementary abelian, provided that the parameter s is equal top. Applying this result together with the validity of the Hughes conjecture for finite 2-groups to the special case where p = 2, we can prove the result mentioned in the Abstract, that is, that under the general assumptions, G is elementary abelian provided it has even order (see Theorem 2.6). In the language of geometry this can be stated as follows.
A finite elation generalized quadrangle with elation group G of even order containing a full group of symmetries about some line through the base point, already contains full groups of symmetries about every line through the base point.
A quadrangle of the latter type is called a translation generalized quadrangle with translation group G (see [16, Section 8.2] ). In various places, we shall use the fact that an abelian group admitting a 4-gonal family is necessarily elementary abelian (see [6, p. 145 , Corollary]). Obviously, this also follows from Chen and Frohardt's Theorem 1.2, but it is also proved in [16, Chapter 8] , where it is shown that the translation group of a translation generalized quadrangle is elementary abelian.
Of course, in Case 3, p is necessarily odd. However, we cannot say more in that case, because, apart from the remarks in [7, (3.9) ] not much is known about nonabelian /^-groups of exponent p admitting a (t, s)-partition. Even less is known about the parameters of such a partition. This is a field for further research where new examples of nonabelian groups admitting 4-gonal families may be found. On the other hand, as far as the author is aware, no known finite elation generalized quadrangle with nonabelian elation group admits a full group of symmetries about some line through the base point. This might also be an indication for the nonexistence of such quadrangles.
In order to handle Case 1, we prove the following proposition, which is also of individual interest. It states that SF * does not contain too many abelian members, provided that G is not abelian. Here \U\ denotes the cardinality of the set U. PROPOSITION 
Let (#", SF *) be a A-gonal family of type (s, t) in a group G. Let
(2.2.2) If the cardinality of si is at least 3, then ( B is constant for all B in si, say a, and |Z(G)| = a 2 t. Moreover, if G is not elementary abelian, then a < s and the cardinality of si is at most s/a+ 1, and, in the case of equality, G/Z(G) is necessarily elementary abelian.
Proof If G is a group containing two abelian subgroups U and V such that G = UV, then Z(G) = (U 0 Z(G))(Kn Z(G)).
Let z = uv be an element of the centre of G, where ueU and ve V. Since V is abelian, we have that u = zv' 1 centralizes V. Since U likewise is abelian, we have that u also centralizes U and therefore the whole group G, which by assumption is equal to the complex product of U with V. Thus u is an element of the centre of G. The same argument shows that veZ(G), whence the desired factorization of Z(G) is proved.
If we apply this argument to any two different members B* and C* of si*, we obtain that Z(G) = (B* n Z(G))(C* nZ(G)). Furthermore, it is clear that K:= B* n C* is a subgroup of Z(G). Now, since K, as a consequence of the definition of a 4-gonal family, has cardinality /, we obtain Liineburg's monograph [14] ; translation planes are the geometric equivalent to congruence partitions). This finally proves (2.2.2).
We can now prove that Case 1 only occurs, if G is elementary abelian. THEOREM 
Let G be a group of order s 2 t admitting a 4-gonal family (&, 2F *) of type (s, t). Assume that there exists a member A in 2F which is a normal subgroup of G and suppose that G/A is elementary abelian. Then G is elementary abelian.
Proof. If A is a member of 2F which is normal in G, and G/A is elementary abelian, then B* is elementary abelian for all B* in &>* -{A*}, since B* as a complement of A (see (K2) ) is isomorphic to G/A. We may therefore apply Proposition 2.2 to jrf*: = ^*-{A*}.
If\ & | > 3, that is, \jrf*\^3, let a be as in (2.2.2). Assume that G is not elementary abelian. Then G is not abelian by Theorem 1.2, whence a < s and thus, by (2.2.2), t = \s&*\ ^ s/o+ 1. But, as t ^ s, see (2.1.2), this can happen only if a = \. Consequently, by the definition of a and Proposition 2.2, the centre of G is contained in B* for all B which are different from A. Therefore, by (K2), A intersects Z(G) in the trivial subgroup {1}. But this is a contradiction, since any normal subgroup X T£ {1} of a /7-group has nontrivial intersection with Z(G). Thus, G is elementary abelian.
In order to complete the proof of the theorem, it remains to study the case, where |^| = 3, that is, where t = 2. As s > 1 by assumption and t ^ s by (2.1.2), we see that s = t = 2 and therefore \G\ = 8. Hence, any B* in J 5 " * is a maximal subgroup of G and therefore normal in G. As by assumption A is normal in G, (K2) implies that G is isomorphic to the direct product of A with B*, where B is any element of #" which is different from A. But then G is abelian, since \A\ = 2 and \B*\ = 4. In the following, we consider the case where the parameter 5 is equal to p. We shall use the well-known inequality of Higman (see [16, 
= [G_/H V {G): <HG/H p (G))]__ = [G/HJiG) :A*/H P (G)] • [A*/H P (G): ®(G/H P (G))} = P°-[A*/H p {G):<S>{G/H v {G))l
and thus m ^ a. Of course, as the cardinality of G is equal to p t+a , we have r + a ^ y(G). Therefore, as m ^ a, and, trivially, c ^ 1, we obtain that =(p-\)(j+\.
Using the fact that T ^ 2a, we obtain 3a ^ (p-\)a+ 1 and therefore (4-p)a ^ 1, from which we conclude that p = 2 or p = 3.
The case/) = 2 is already excluded by Theorem 2.6, leaving the case/? = 3. Now, Straus and Szekeres in [18] have proved the validity of the Hughes Conjecture for 3-groups, that is, the index of H p (G) in G is equal to p provided that p = 3. But this implies that the parameter s has to be equal to p = 3, and then, by Theorem 2.5, in contradiction to our assumption that the exponent of G is not equal to p, we know that G is elementary abelian. This completes the proof of the theorem.
